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Abstract

We show that the group of automorphisms, Dg (M), of a compact Rogers™ supermanifold, M.
admits the structure of a G* manifold. We establish that the space of paths on D¢ (M) based at the
origin and the space of loops at the origin also admit G™ structures such that we obtain an exact
sequence of G> groups.
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0. Introduction

The work of Rogers [24] makes it possible to speak of compact supermanifolds. It is well
known that the group of diffeomorphisms of a compact manifold is an infinite-dimensional
Lie group, I. Singer asked me during a conversation several months ago if the group of
automorphisms of a compact supermanifold admits the structure of a super Lie group.

We shall address this question in Section 2. In Section 1 we shall generalize Rogers’
constructions so that in an infinite-dimensional context they are adequate for the strucutre
that exists on the group of automorphisms of a compact Rogers’ supermanifold. In Section 2
we observe that finite-dimensional supermanifolds can be considered as ordinary C ™ man-
ifolds with a specified G structure which we described. We then prove that the automor-
phisms of such a G structure on a compact supermanifold, Dg(M), is a Lie subgroup
of the group of C* diffeomorphisms of the underlying C> structure of the superman-
ifold in question. We proceed to construct explicitly a system of charts on D¢ (M) for
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which the chart changes are G morphisms, and show that the group operations are also
G,

In Section 3 we show that the space of paths on Dg (M) admits in a canonical manner a
supermanifold structure such that the evaluation map is a G map. Then we use a version
of Lie’s second theorem that we have proved elsewhere [15] to establish that the space of
loops at the identity, £2(D¢(M)), is also a super Lie group so that we obtain a G™ exact
sequence of super Lie groups

e > 2(D(M)) > C®(I, Dg(M)) D¢ (M) > e,

where Bc (M) is the connected component of the identity of Dg (M).

1. Differential equations in infinite-dimensional graded topological vector spaces

We recall that a Hausdorff, sequentially complete, locally convex topological vector
space V is called strongly bornological (resp. bornological) when any subset (resp. convex
subset) absorbing all the bounded subsets of V is a neighborhood of the origin. In general,
in this paper, the topological vector spaces which we deal will be strongly bornological.
Note that metrisable locally convex topological vector spaces are strongly bornological as
are countable inductive limits of strongly bornological spaces.

Let I" be the Grassmannian ring of supernumbers generated by an arbitrary set X =
{xi}ies. We shall suppose that I" has the locally convex topological vector space topology
given by the inductive limit topology taken over its finitely generated subalgebras. With
this topology I' is a complete locally convex Z; graded commutative algebra (i.e. ab =
(= D)!al1Plpg, where |a| designates the parity of a).

Definition 1.1. Let E|,..., E,, F be topological Z, modules over I}, a continuous
mapping
fiEIXx--XE; > F

is a said to be an n-multimorphism when f is n-multilinear with repect to the ground field
R and

fler,....eiv.eiv1,....en) = fle1,....ei,veiq1,...,e5), v elp
and

fler,....eny) = fler,....,eny) = fler,....en)y, y € Ip.

We shall now describe the topological vector spaces upon which we shall model our
supermanifolds.

Definition 1.2. Let M be a graded Cartesian productof I" modules, M = [[[;,i € I, I} =
I'Viand ([[ M) =[1(7), i =0, 1. A Iy submodule N of M will be called rypal.
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Definition 1.3. Give typal Iy modules 0, Q2. Oy C Hie,k I;, a Iy homomorphism
f:01 — Q> will be called regular when I' is a subalgebra of an infinitely generated
Grassmannian algebra A such that f extends to a Ag homomorphism of Q1 = Ap@) into
Qg = AgQ2, where Qk is considered as a submodule of the corresponding Ag—module
Hielk A, A= AV

Remark. Note that typicality and regularity are purely algebraic notions.
The notion of differentiability that we shall use throughout the sequel is as follows:

Definition 1.4. Given a Grassmannian algebra I, let V and W be typal topological mod-
ules over I such that the underlying topologies are those of complete Hausdorff strongly
bornological topological vector spaces, U C V open. A function f : U +— W will be called
super C" or G" when 3 continuous k-multimorphisms in the k-terminal variables such that
forx € U fixed, Dy f(x: %) is a regular mapping from V to W, and D"f(x: ) U x Vox
- x V> Wfork < nissuch that

Fith) = f(x+h)— fx)=1/1'Df(x.hy — - — 1/K'D* fF(x h. ... h).
| <k <n,
satisfies the property that

Fi(th)/t*, if 1 #0,

Gl h) = 0, t=0,.

is continuous at (0, h)Vh € V.
We shall refer to D, f(x, -) as the Frechet derivative.

Remark. When [ is finite-dimensional and N is of the form N = I_LE_\,I (IN); x ﬂiem( o).
where Xp, X| € X, X a finite indexing set for the free module M = I_L-Ex ri.r,=1r
Vi € X. we obtain Rogers’ definition of G".

Now we turn our attention to linear differential equations of the form
(%) v =AMy, tel I=[01].

where A(t) is a regular morphism of a Iy module.

Definition 1.5. Consider the differential equation
Y)=AMy, tel 1=][01]

where A(t) is a family of continuous linear operators on a bornological space E. The family
of operators {A ()} will be called tame when
() (t.x) > A()x is C*;
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(i) {A(#)} is a strongly bounded family of operators; that is, given a bounded set B C E,
we have that | J,.,; A(t)B is bounded in E;
(iii) givenany bounded disk B C E there exists asequence of bounded disks By, ..., B,, ...
so that:
@ Uses A(B C B, U,e; A(t)By C By
(b) There exists abounded disk D such that B, C Ep forallnand F,, = Zq - (/g
B, converges to 0 in Ep = [ ;. AD as n tends to infinity.

Proposition 1.1. If y' = A(t)y is a tame linear differential equation, then there exits a
unique flow va(t, x) such that y;‘(t,x) = A(t)va(t, x) with y4(0,x) = x; further, if
{A(2)} is a family of regular homomorphisms, then « — ya(t. «) is a continuous regular
Iy ismorphism for all t € 1, whose continuous inverse 3 — ga(t, B) is a smooth function
int satisfying g/, (t, x) = —ga(t, A(t)x).

It is useful to recall the form of the solution of ¥/, = A(t)y, ya(0, x) = x:

t t

S
val(t, x) :x—l—fA(sl)xds1 +/‘A(s]) I/A(sz)(x)dsz ds; +---
0 0 0

The proof is essentially the same as for the analogous propositions in [16].

Definition 1.6. A(r,s) = A;(t):E — E.A € R, called an amenable family of tame

operators when

(@) Al xI xEr— EisC™;

(b) Givenanyboundeddisk B C E thereexists asequence of boundeddisks By. ..., B,. ...
so that U(,.S)elx, A(t,5)B C By, Uy syerxs Alt.$)By C Byyt:

(¢) There exists a bounded disk D such that B, C Ep foralln and F,, = Zqzn(l/q!)Bq
converges to 0in Ep = J,..o AD as n tends to infinity.

We have proved in [16]:

Theorem 1.1. Set Fs(x, y)¢ = ya(x, ga(y, ¢)), where Al(t, s) is an amenable family of
tame operators. Then 3y, /0o (t,0) = for Fa(t,s)0A(s,0)/d0 Fa(s,0)¢ ds.

Given a bornological locally convex topological vector space E, a collection, B, is called
a system of generators of the bounded sets of E when:
(a) given any bounded subset B of E, 3 an element C € S and r > O such that B C rC;
(b) By, B e B=— 3B € Bsuchtht By U B, C B.

In what follows we shall use the C* topology on function spaces where the range, E, is
a bornological topological vector space, what we intend by the C* topology we shall now
describe.

Consider the space of C*™ mappings from the unit interval to E, C*°(l, E). We put a
topology on C*° (I, E) as follows: Let C be the set of closed bounded disks of E, N the
set of nonnegative integers, and let F (N, C) be the set of functions from N to C; now, we
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define an order on F(N,C) by f < g when f(i) C g(i) for every i € N. With this order
F(N,C) becomes a directed set. For y € F(N,C) let

ry={feC®UIE):D fx)Cy®D}

where x € I, and let C*°(1, E)ry = U/\zo AT, be the Banach space with norm || f|| =
inf{A > 0: f € AI"}. Weprovide C*°(/, E) = inflim, C*°({, E) r,, with the locally convex
inductive limit topology.

With the aid of Theorem 1.1 we are able to prove by essentially the same proof as in [16]
the following:

Theorem 1.2. Let Ty, ..., T, and E by typal Iy modules whose underlying topological
vector space structures are strongly bornological and in which bounded sets are relatively
compact. SupposethatU < Eisopen, I = [0, 1),and F : IxU xTyx---xT, — EisaG%®
Sunction which is a multiaffine morphism in Ty, ..., T,; that is, such thatfori = 1, ..., n,
= Ftou,ty, ... ti, ..., ty) is of the form Li(t;, ..., t,) + citou, by, ... b, ..., t),
where L; and ¢; are G™ functions such that L; is an n-multimorphism and c; does not depend
ont;. Givenxg € U, 1y € (0, 1), tiO € T; let B (resp. C;) be a U — {xo} (resp.T;) system of
generators of the bounded sets in E (resp. T; ), suppose that for B € B, C; € C;, there exists
a sequence B, ..., By, ... of bounded disks in E satisfying xo + B+ (§/1)B; +--- +
(8" /mNWYB,, C U forallm, suchthatif |t — 13| < 8, we have that F(t, B, v1, ..., y,) € By,
AF/3E({t, w, vi,..., yn)Bk € Bx+1, vi € C;, and Zan(c‘Sq/q!)Bq converges to 0in E; for
some | € B as n tends to infinity. Then there exist an open neighborhood Uy C U of xo and
Vi CT;of t,Q, and a unique function ¢ : [tg—8, tg+8] x Ug x Vi x - - - x V, = U satisfving
Dip(t, st ..., ) =F(, o, s, H, .. W, )@ (R0, X . ... ty) = X; further,
D(x.t. ... 1)) = DP(x,x,1,....t,) defines a C* function ® : Uy x V| X -+ x Vy >
C®([tg — 8, tg + 8], E), where C>®([tg — &, to + 81, E) has the C*> topology.

2. Infinite-dimensional supermanifolds

A supermanifold in this paper will be a manifold modeled on a typal I topological
module, E, with G* chart changes.

In the classical theory there is a one—one correspondence between derivations of the
algebra of germs of smooth functions at a point and the equivalence classes of smooth curves
through a point. For nontrivial I in the case of a supermanifold the space of superderivations
of G functions is strictly larger than the classes of smooth curves through a point giving
rise to a vector at a point. Given a supermanifold modeled on a typal [ module E, typically
a vector would correspond uniquely to an element of E, while a superderivation

X (ab) = X(@)b + (= D" Xlax (b)

would correspond to an element of I ®;, E. A super Lie group, G, thus has two algebraic
structures associated to it; one is its classical Lie algebra, G, of right invariant vector fields
with the classical Lie bracket satisfying Jacobi’s identity, here G is a Iy module such that the
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bracket satisfies [ypa, b] = yola, b]. The left invariant superderivations, on the other hand,
correspond to an extension by scalars of the smooth vector fields by I"; that is, the super Lie
algebra of left invariant superderivations is isomorphic to I” ® rg G. The superderivations
satisfy

(k%) (=DAICIA B, C1 + (= D'BMI[B, [C, A]]
+ (—=DICIBI[C,[A, Bl =0,

(#x) is called the super Jacobi identity.

Suppose now that E = (Ip)™ x (I")" is finite-dimensional, and let G be the group of
continuous regular automorphisms of the Iy structure of E. Let M be a supermanifold
modeled on E, the supermanifold structure on M induces a G-structure on M; that is,
reduces its underlying C* tangent bundle to a G-bundle, since the Frechet derivatives of
the transition functions are in G.

We shall call a C* manifold, M, of dimension 2Y~!(m + n) modeled on E, a quasi-
supermanifold of type (m, n), when the tangent bundle can be reduced to the group G. Now
given the fact that a G mapping is a C* mapping whose derivative is a regular map, we
deduce that the automorphisms of the supermanifold structure of M are precisely the C*
diffeomorphisms of M which are also isomorphisms of its quasi-supermanifold structure;
that is, it is the group of automorphisms of the associated G-structure of M.

Observe that the group G C GL(2N -1 (m 4+ n), R) is locally convex; that is, there exits a
fundamental system of convex neighborhood of the identity of G C GLN Y (m+n), R)
with respect to the canonical vector space structure on the (2N -1 (m + n))2-dimensional
space of square matrices. Note, firstly, that GL(g, R) is always locally convex, since [ 4+ A
is invertible for ||A] < 1, and observe that for p € Ay, G, = {A € GLQN '(m +
n), R): Ap = pA} is locally convex; further, the property or regularity is a locally convex
property, thus G is locally convex.

It is known [14] that when G C GL(n, R) is locally convex then the group of automor-
phisms of a G-structure on a compact C* manifold M is a Lie subgroup of the group of
C diffeomorphisms of M. One of the purposes of this note is to show that the group of au-
tomorphisms of the supermanifold structure on M, D¢ (M), is itself an infinite-dimensional
super Lie group with respect to the graded algebra I".

In what follows we shall suppose that M is a compact connected G* supermanifold.
The supermanifold structure on M determines canonically a typal 'y module structure on
T M for each x € M. The elements ¢ € D (M) determine regular h)-homomorphisms

To . TiM > TynM,

which implies that the Lie subalgebra of the C™ vector fields on M corresponding to D (M)
considered as a C* Lie subgroup of Diff® (M) consists precisely of the G™ vector fields
on M with respect to the canonically determined supermanifold structure on 7 M ; we shall
designate this Lie algebra by S.

The definitions imply that:
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Proposition 2.1. S is a Iy-module such that [a), b] = [a, Ab] and [a, bA] = la, blX for
A eIy

We are now in a position to prove the following theorem.
Theorem 2.1. With respect to the Z; graded algebra I'. Dg (M) is a super Lie group.

Proof. We choose charts on Dg (M) that are given by means of the exponential, expg, of a
G-connection; for details see [14]. We then obtain a chart at the identity eXp: S +— Dg(M)
defined by eXp (@) (x) = expg (a(x)) for a sufficiently G small.

Using normal coordinates and calculating we find

Dy (expg (X)) (x, ) = (x + Xx, o + gx (@),

where g, is in the image of the canonical representation of the Lie algebra of G in the Lie
algebra of the endomorphisms of 7, M given by the G-structure on M, which, since G is
locally convex, consists of regular /) homomorphisms, which implies that the differentials
of the changes of charts given by eXp are G®(M, I")-homomorphisms. Given f € Dg(M).
defineSy = {g: M +— TM:mog = f,wheren : TM > M isthe canonical projection} we
construct a chart at f by exp: Sy — Dg(M) as above. With these charts which determine
a G* structure on D¢ (M), right multiplication by g in Dg(M) is represented at the
infinitesimal level simply by composition from the right Sy — Sfoq, & > @ o g. This
is clearly a G* mapping. Left multiplication by f in Dg (M) at the infinitesimal level
is represented by & : S, > Spoq, where E(a)(x) = Ty(x) f(a(x)). As T, f is a regular
homomorphism for all x € M it follows that right multiplication is indeed a G> mapping.
As right and left multiplication are G, to see that inversion is everywhere G it suffices
to observe that inversion is G at the identity. Since the Frechet derivative of inversion at
the identity is the multiplication by —1, we conclude that inversion is an everywhere G
mapping. 0

3. Space of paths

The C* topology on C°°(1, S) is the underlying topology of an infinite-dimensional Lie
group structure. To describe this Lie group, we first recall (see [16]) that a topological Lie
algebra £ is called preintegrable when given any closed bounded disk B C & there exists
a sequence of closed bounded disks By, .... By, ... with

(i) adp(B) = Uh,.bzeB[bl* ] C By,
(i) adg(Bp) S Bn+1,
(iii) Zqzn(l/q!)Bq converages to 0 in Ec = szo AC for some bounded closed disk C
as g tends to co. In [16] we show:

Proposition 3.1. Let G be a preintegrable topological Lie algebra, and v: 1 — G a C™
function. Then there exists a unique flow ¢, (t. x) of the differential equation ¥" = [v(t). v].
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Proposition 3.1 puts us in position to define a product on C*°(7, S):
(% * *) (v*w) = v(t) + ¢ (t, w(r)).

The Frechet derivative of left multiplication is given by Dy L, (x; @)(t) = ¢x(t, a(?));
and the Frechet derivative of right multiplication is given by D; Ry (x; B)(¢) = B(t) +
f(; Fo(t, $)[w(s), Fe(s,0)B(t)]ds, where Fy(t, s) = ¢ (t, Yx (s, ), ¥x (s, -) being the in-
verse of ¢, (s, -). Now defining the Iy action on C*°(1, G) by (ya)(t) = ya(t), we obtain
that the I bilinearity and regularity of the bracket imply that multiplication in this group
structure is G®. To see this we utilize the infinite series expression of the solution of a
linear differential equation in bornological spaces (cf. Section 1).

In [16] we showed that inversion is given by g = ¥g» Where y, is equal to the solution
of a differential equation smoothly parametrized by g:y' = F(t,y,8) = ¥,(t, —-g'(t) —
[g, ¢¢(t, )]). Again the I bilinearity of the bracket implies that y +—> y_1 isa G* on
C®(1,S).

In [15] we defined a Lie group G as nice when the following conditions are satisfied:
Given a Lie group G modeled on a complete bornological space G the manifold structure
on G gives a local trivialization of the tangent bundle TG at ¢ € G over a coordinate
neighborhood of G at e say (U, ¢), where ¢(e) = O € G. Identity (T|U), with ¢(U) x G
by means of ¢. Now, in general, a right invariant vector field ¢ over U with respect to this
trivialization will define a nonconstant C* function X, : U > G. We say that the Lie group
G is nice when there is a ¢ (U)-system of generators of the bounded sets of G, B, so that
given any B € B and any closed bounded C C § there exists a sequence of bounded sets
ing,C,,n>1,and 0 < € < 1 such that
(1) X;(eC) C C for{ € €B;

(2) DX (eC+€/11Cy + -+ - +€"/nlCy; Cp) T Cpyi for ¢ € €B;
(3) there exists a positive integer p and D € B such that D, = ) g>n (e7/¢)Cq C D for
n > pconvergesto 0in Gp = | ;.o AD.

It follows from the definitions that a Lie subgroup of a nice Lie group is nice, which
implies that Dg (M) is a nice C* Lie group. In [16] we showed that there exists a Lie group
isomorphism, a‘l, from the C* Lie group structure defined above on C*(1, S) to the
space of C* paths at the identity, C;°(1, Dg(M)), where o (f)(¢) is defined by logarithmic
differentiation; thatis, o (f)(t) = f/()x f (1)~ I begin, by abuse of notation, the Frechet
derivative of the right Lie group multiplication on Dg (M) at f(t) by f (t)~L. Further, the
endpoint evaluation Lie group homomorphism for the C* topology on C*(I, Dg(M))
ev:C§°(1, Dg(M)) — Dg(M) is given by ev((f)(1) = f(1) = y(1), where y(¢) is
the solution to the equation y'(¢) = o (f)(t) x ¥(¢), y(0) = e, which corresponds locally
to an integral equation of the form: y,(t) = fot F(v, yp(s))ds, y,(0) = 0; where v —
Yy is C®, yo(t) = 0, F(0,y) = 0, F(v,0) = v. To show that ev is a super Lie group
homomorphism it would suffice to show that the associated Lie algebra homomorphism
Dy—o(evoo™1):C®,S — Dg(M) is a regular Iy homomorphism. The properties of
F(v, y) above imply that Dy—g(ev oo ') = [/ :C®(I, 8) > S; however, the bracket in
C>(1, S) is defined by [ f, g1(t) = Di[ [y f(s)ds, [y &(s)ds). The immediately preceding
paragraph shows:
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Theorem 3.1. The evaluation map defines a G homomorphism from the super Lie group
of C™ paths at the identity of Dg(M) onto the connected component of the identity of
Dg(M).
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